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Abstract
We write x |P y to denote that x is a prime number and x divides y. For a positive
integer n, let β(n) denote the smallest non-negative integer b such that for each system
S ⊆ {xi + 1 = x j, xi · xi = x j, xi |P x j : i, j ∈ {1, . . . , n}} with a finite number of solutions
in integers x1, . . . , xn, all these solutions belong to [−b, b]n. We prove: (1) for every in-
teger n > 9, the inequality β(n) <
(
22
n−4
+ 3
)2n−4
+ 1 implies that 22
n−4
+ 1 is composite,
(2) the inequality β(9) <
(
232 + 3
)32
+ 1 implies that there are infinitely many integers n
such that both n2 + 1 and n2 + 3 are prime.
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We write x |P y to denote that x is a prime number and x divides y. Let
En = {xi + 1 = x j, xi · xi = x j, xi |P x j : i, j ∈ {1, . . . , n}}
For a positive integer n, let β(n) denote the smallest non-negative integer b such that for each
system S ⊆ En with a finite number of solutions in integers x1, . . . , xn, all these solutions belong
to [−b, b]n. The function β : N \ {0} → N is well-defined because there are only finitely many
systems S ⊆ En.
The equation x1 · x1 = x1 has two integer solutions, namely x1 = 0 and x1 = 1. This proves
that β(1) = 1. The system 
x1 |P x1
x1 + 1 = x2
x2 |P x2
has a unique integer solution, namely (2, 3). This proves that β(2) = 3. The system
x1 |P x1
x1 + 1 = x2
x2 |P x2
x2 · x2 = x3
has a unique integer solution, namely (2, 3, 9). Therefore, β(3) > 9. Analogously, β(4) > 81,
β(5) > 812, β(6) > 814, β(7) > 818, and β(8) > 8116.
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A twin prime is a prime number that is either 2 less or 2 more than another prime number.
The twin prime conjecture states that there are infinitely many twin primes, see [1], [4, p. 39],
and [7, p. 120]. Landau’s conjecture states that there are infinitely many primes of the form
n2 + 1, see [1], [4, pp. 37–38], and [5, p. 342]. It is also conjectured that there are infinitely
many integers n such that both n2 + 1 and n2 + 3 are prime, see [5, p. 342].
Conjecture 1. β(3) = 9.
Theorem 1. The inequality β(3) 6 9 implies the twin prime conjecture.
Proof. The triple (11, 12, 13) solves the system
x1 |P x1
x1 + 1 = x2
x2 + 1 = x3
x3 |P x3
Since β(3) 6 9 < 13, we conclude that the above system has infinitely many integer solutions.

Theorem 2. The inequality β(3) 6 9 implies Landau’s conjecture.
Proof. The triple (4, 16, 17) solves the system
x1 · x1 = x2
x2 + 1 = x3
x3 |P x3
Since β(3) 6 9 < 17, we conclude that the above system has infinitely many integer solutions.

Theorem 3. The twin prime conjecture and Landau’s conjecture imply that β(3) = 9.
Proof. (sketch) The assumptions allow us to determine all systems S ⊆ E3 with a finite number
of solutions in integers x1, x2, x3. We solve these systems and observe that all solutions belong
to [−9, 9]3. 
Conjecture 2. β(5) = 812.
Theorem 4. The inequality β(5) 6 812 implies that there are infinitely many integers n such that
both n2 + 1 and n2 + 3 are prime.
Proof. The numbers 942 + 1 and 942 + 3 are prime. Therefore, the 5-tuple(
94, 942, 942 + 1, 942 + 2, 942 + 3
)
solves the following systemV
x1 · x1 = x2
x2 + 1 = x3
x3 |P x3
x3 + 1 = x4
x4 + 1 = x5
x5 |P x5
Since β(5) 6 812 < 942 + 3, we conclude that the system V has infinitely many integer solu-
tions. 
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Primes of the form 22
n
+ 1 are called Fermat primes, as Fermat conjectured that every inte-
ger Fn = 22
n
+ 1 is prime ([3, p. 1]). Fermat correctly remarked that F0 = 3, F1 = 5, F2 = 17,
F3 = 257, and F4 = 65537 are all prime ([3, p. 1]). It is not known whether or not there are any
other Fermat primes ([3, p. 206]). We know that F5, . . . , F32 as well as many other numbers Fn
are composite ([2, p. 23]).
Conjecture 3. ([1], [2, p. 23]) Fn is composite for every integer n > 4.
Theorem 5. ([3, p. 1]) For every positive integer n, the number 2n + 1 may be prime only if
n ∈ {20, 21, 22, . . .}.
By Theorem 5, Conjecture 3 is equivalent to Conjecture 4.
Conjecture 4. 2n + 1 is composite for every integer n > 16.
Theorem 6. If n ∈ N \ {0} and 22n + 1 is prime, then the following system of conditions
∀i ∈ {1, . . . , n} xi · xi = xi+1
xn+2 + 1 = x1
xn+3 + 1 = xn+2
xn+1 + 1 = xn+4
xn+3 |P xn+4
has a unique solution (a1, . . . , an+4) ∈ Zn+4. The integers a1, . . . , an+4 satisfy
max (|a1|, . . . , |an+4|) =
(
22
n
+ 3
)2n
+ 1.
Proof. The first n equations give xn+1 = x2
n
1 . The whole system expresses that xn+3 is a prime
number and xn+3 divides (xn+3 + 2)2
n
+ 1. Since
(xn+3 + 2)2
n
+ 1 = xn+3 ·
 2
n∑
k = 1
(
2n
k
)
· xk − 1n+3 · 22
n − k
 + 22n + 1
we obtain that xn+3 divides 22
n
+ 1. Since both xn+3 and 22
n
+ 1 are prime, we conclude that
xn+3 = 22
n
+ 1. The following equalities
∀i ∈ {1, . . . , n + 1} ai =
(
22
n
+ 3
)2i−1
an+2 = 22
n
+ 2
an+3 = 22
n
+ 1
an+4 =
(
22
n
+ 3
)2n
+ 1
.
define the whole solution. 
Corollary 1. For every integer n > 5, if 22
n−4
+ 1 is prime, then β(n) >
(
22
n−4
+ 3
)2n−4
+ 1. In
particular,
β(5) >
(
22
5−4
+ 3
)25−4
+ 1 = 72 + 1 = 50 < 812 6 β(5)
β(6) >
(
22
6−4
+ 3
)26−4
+ 1 = 194 + 1 < 814 6 β(6)
3
β(7) >
(
22
7−4
+ 3
)27−4
+ 1 = (256 + 3)8 + 1 > 818 6 β(7)
β(8) >
(
22
8−4
+ 3
)28−4
+ 1 =
(
216 + 3
)16
+ 1 > 8116 6 β(8)
Corollary 2. For every integer n > 9, the inequality β(n) <
(
22
n−4
+ 3
)2n−4
+ 1 implies that
22
n−4
+ 1 is composite.
Conjecture 5. For every integer n > 9, β(n) <
(
22
n−4
+ 3
)2n−4
+ 1.
Theorem 7. The inequality β(9) <
(
232 + 3
)32
+ 1 implies that there are infinitely many inte-
gers n such that both n2 + 1 and n2 + 3 are prime.
Proof. Suppose, to the contrary, that there are only finitely many such integers n. Then, the
following systemU 
x1 · x1 = x2
x2 + 1 = x3
x3 |P x3
x3 + 1 = x4
x4 + 1 = x5
x5 |P x5
x5 · x5 = x6
x6 · x6 = x7
x7 · x7 = x8
x8 · x8 = x9
has a finite number of integer solutions. By this and the inequality β(9) <
(
232 + 3
)32
+ 1, we
obtain that x9 <
(
232 + 3
)32
+ 1. The following PARI/GP commands ([6])
are shown together with their outputs. These commands perform the APRCL primality test,
the best deterministic primality test algorithm ([8, p. 226]). Therefore, the obtained results
rigorously show that the numbers
(
232 + 60
)2
+ 1 and
(
232 + 60
)2
+ 3 are prime. Hence, the
tuple
(b1, . . . , b9) =(
232 + 60,
(
232 + 60
)2
,
(
232 + 60
)2
+ 1,
(
232 + 60
)2
+ 2,
(
232 + 60
)2
+ 3,((
232 + 60
)2
+ 3
)2
,
((
232 + 60
)2
+ 3
)4
,
((
232 + 60
)2
+ 3
)8
,
((
232 + 60
)2
+ 3
)16)
solves the system U. Since b9 =
((
232 + 60
)2
+ 3
)16
>
(
232 + 3
)32
+ 1, we get a contradiction.

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We write Prime(x) to denote that x is a prime number. For a positive integer n, let γ(n)
denote the smallest positive integer b such that for each system
S ⊆ {xi + 1 = x j, xi · xi = x j, 2xi = x j : i, j ∈ {1, . . . , n}} ∪ {Prime(xi) : i ∈ {1, . . . , n}}
with a finite number of solutions in positive integers x1, . . . , xn, all these solutions belong to
[1, b]n. The function γ : N \ {0} → N \ {0} is well-defined because there are only finitely many
systems
S ⊆ {xi + 1 = x j, xi · xi = x j, 2xi = x j : i, j ∈ {1, . . . , n}} ∪ {Prime(xi) : i ∈ {1, . . . , n}}
Obviously, γ(1) = 1. By considering the system
{x1 · x1 = x2, 2x1 = x2}
we conclude that γ(2) = 4. By considering the system
{x1 · x1 = x2, 2x1 = x2, 2x2 = x3}
we conclude that γ(3) > 16. By considering the system
{2x1 = x2, x2 + 1 = x3, Prime(x3)}
we conjecture that γ(3) = 216 + 1, cf. Conjecture 4.
Theorem 8. The inequality γ(3) 6 216 + 1 implies the following statements: (1) every prime of
the form 2n + 1 which is greater than 216 + 1 guarantees that there are infinitely many primes of
the form 2n + 1, (2) there are infinitely many primes of the form 2n − 1, (3) there are infinitely
many primes of the form n2 + 1, (4) there are infinitely many twin primes.
Proof. Statement (1) is obvious by considering the system
2x1 = x2
x2 + 1 = x3
Prime(x3)
The triple (17, 217, 217 − 1) solves the system
2x1 = x2
x3 + 1 = x2
Prime(x3)
and 217 > 216 + 1. This proves statement (2). The triple (260, 2602, 2602 + 1) solves the sys-
tem 
x1 · x1 = x2
x2 + 1 = x3
Prime(x3)
and 2602 + 1 > 216 + 1. This proves statement (3). The triple (216 + 1, 216 + 2, 216 + 3) solves
the system 
x1 + 1 = x2
x2 + 1 = x3
Prime(x1)
Prime(x3)
and 216 + 2 > 216 + 1. This proves statement (4). 
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By Theorems 5 and 8, the inequality γ(3) 6 216 + 1 implies that every prime of the form
22
n
+ 1 which is greater than 22
4
+ 1 guarantees that there are infinitely many primes of the
form 22
n
+ 1.
Theorem 9. Conjecture 4 and the conjunction of statements (2)-(4) imply that γ(3) = 216 + 1.
Proof. (sketch) The assumptions allow us to determine all systems
S ⊆ {xi + 1 = x j, xi · xi = x j, 2xi = x j : i, j ∈ {1, 2, 3}} ∪ {Prime(xi) : i ∈ {1, 2, 3}}
with a finite number of solutions in positive integers x1, x2, x3. We solve these systems and
observe that all solutions belong to [1, 216 + 1]3. 
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